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To improve the modeling of friction between the ground and reinforcing inclusions, such as steel strips in reinforced earth walls, a
speciﬁc type of ﬁnite element was introduced in the CESAR-LCPC ﬁnite element code. Simulations were carried out, in which these
elements were used in combination with a linear elastic-perfectly plastic model to describe the interaction between the ground and the
inclusions. With this simple interaction model, however, it was not possible to reproduce the observed behavior of a full-scale,
experimental wall or the results of pull-out tests carried out on the same wall under the same set of parameters. Therefore, two more
complex models were introduced for the soil–inclusion interaction, which led to a much better agreement between the numerical results
and the experimental observations.
& 2012 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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Many geotechnical structures include soil masses rein-
forced by means of linear inclusions, such as nails, bolts
or micropiles. Similar techniques are used to increase
the overall stiffness of the ground and to keep the
displacements within an acceptable range through the use
of anchors, in the case of quay walls or Berlin walls, or
through the use of steel strips, in the case of reinforced
earth walls. In most cases, the inclusions mechanically
interact with the surrounding soil through direct friction2 The Japanese Geotechnical Society. Production and hostin
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der responsibility of The Japanese Geotechnical Society.along their length or through a sealing grout. The models
used to account for this mechanical interaction have a
direct inﬂuence on the predicted behavior, and therefore,
must be described accurately in order to obtain reliable
analyses of the overall behavior of the structure under
discussion.
In ﬁnite element analyses, the role of inclusions can be
considered by different modeling techniques, as described
below.
The simplest approach consists of using linear elements
placed along the sides of the elements used to model the
ground. However, this approach fails to account for the
fact that the force that can be transmitted from the ground
to the inclusions over a unit length is limited by the friction
that can be mobilized at the soil–inclusion interface. To
overcome this difﬁculty, it is common to associate elements
representing the bars with elements representing the inter-
face itself. Several solutions are available, which can be
divided into two main groups, namely, zero-thickness
interface elements (such as the ‘‘joint’’ elements ﬁrstlyg by Elsevier B.V. All rights reserved.
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context, to account for the role of discontinuities in rock
masses) and elements with a small, but non-zero, thickness.
In plane strain, it can also be useful to introduce special
elements to ensure the continuity of the displacement on
either side of the bars following the approach used by
Soyez et al. (2009), for instance. This approach is efﬁcient,
but the preparation of the mesh is relatively complex. For
three-dimensional problems, it becomes very costly in
terms of the number of degrees of freedom.
For problems involving a large number of similar
inclusions forming a regular pattern, the material com-
posed of the ground and the inclusions can be replaced by
an equivalent homogeneous material; various (more or less
complex) models based on this idea can be found in the
literature (among others, Harrison and Gerrard, 1972;
Michalowski and Zhao, 1995; Chen et al., 2000; Nejad
Ensan and Shahrour, 2000). To take into account the
friction between the ground and the inclusions in this
context, de Buhan and colleagues have developed over the
past few years a generalized homogenization procedure,
called the ‘‘multiphase model’’ (De Buhan and Sudret,
1999, 2000; Bennis and de Buhan, 2003). The main
limitation of this approach lies in the fact that it is only
suitable for relatively large numbers of inclusions.
The last solution consists of representing the ground
with volume elements and the inclusions with bar elements,
both types of elements having nodes in common, and in
using speciﬁc bar elements that can account for friction
with the surrounding ground. This can be done by
introducing a relative displacement and an interaction
force in the element, with a nonlinear interaction law
making it possible to reproduce yield in shear. This is the
option used by the ‘‘cable elements’’ of the ﬁnite difference
code FLAC3D (Itasca, 2011), for instance. Since this
approach was not available for the ﬁnite element code
used in the present study, CESAR-LCPC (Humbert et al.,
2005), it was decided that it would be introduced by means
of an advanced ﬁnite element called ‘‘friction bar element’’,
and that the validity of the approach for reinforced earth
structures would be checked by performing ﬁnite element
analyses of the behavior of a full-scale, experimental
reinforced earth wall subjected to a local load.
Firstly, the main features of the element are described;
then, the model is evaluated on the basis of comparisons
between numerical simulations and experimental results
obtained on a full-scale experimental wall.
2. Formulation of a ‘‘friction bar’’ element
In the approach adopted hereafter, the ground is
represented by volume elements and the inclusions are
represented by generalized bar elements; both types of
elements have nodes in common. This implies that the
mesh generation is strongly inﬂuenced by the position of
the inclusions. Performing a parametric study of the
inﬂuence of the position or the inclination of the inclusionsimplies a modiﬁcation of the discretization of the soil mass.
More general approaches have been proposed to overcome
this difﬁculty (see, for instance, Sadek and Shahrour, 2004)
and to introduce the ‘‘embedded beam elements’’ available
to model piles with the ﬁnite element software Plaxis, for
instance (Plaxis, 2011). In both cases, it is possible to
control friction along the soil–inclusion interface in a way
very similar to that adopted hereafter.2.1. Theoretical model
With standard bar elements, there is a perfect adherence
between the bars and the ground, and the bar nodes and
the soil nodes have the same displacements. In this context,
there is no limit to the magnitude of the force transferred
over a unit length from the soil to the bars. To account for
the fact that the friction that can be mobilized between the
bars and the ground is not inﬁnite, it is necessary to
distinguish between the displacements of the soil and those
of the bars. In what follows, the displacement ﬁelds of the
bars and of the surrounding soil are denoted by x
bar
and
x
gr
, respectively.
The relative displacement of the ground, with respect to
the bars, is related in turn to the force transmitted to the
bars by the ground through friction, denoted hereafter as I.
Note that I is in fact the linear density of a force (or a force
by unit length of each bar). In what follows, it is assumed
that the interaction force is parallel to the unit vector t in
the direction of the bars:
I ¼ It
The consistency of the model implies that the scalar
force density, I, is also the opposite of the derivative of the
normal force in the bars along the direction of t. The
mechanical model is closed by a relation between the
interaction force, I, and the relative displacement, d,
between the ground and the inclusions along the bar
direction, which is deﬁned by
d¼ ðx
gr
x
bar
Þ  t ð1Þ
The simplest choice is that of a linear relation between I
and d:
I ¼ cId
where cI is an interaction coefﬁcient representing (on a
macroscopic scale) the stiffness of the interface between the
soil and the inclusions. However, this simple model cannot
realistically describe the interaction between a soil mass
and a reinforcement inclusion (or an anchor), because the
value of interaction force I can be arbitrarily large if d is
large enough. A more realistic representation of the
interaction is given by the elastic-perfectly plastic model
presented in Fig. 1. I is a linear function of d as long as the
(absolute value of the) interaction force remains lower than
the threshold value, Imax, which represents the maximum
friction force that can be transmitted along a unit length of
  I
δ
 + Imax
 - Imax
δp
 cI
Fig. 1. Linear elastic-perfectly plastic model of the ground–bar interac-
tion: deﬁnition of the parameters cI and Imax.
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dp occurs between the ground and the bars.
In this model, the ground–bar interaction is described by
means of only two scalar parameters, cI and Imax, which
globally represent the contact conditions. They model, for
example, the stiffness and the strength of the grout used to
seal the bars in the ground in the case of the passive bolting
of a tunnel wall.
The behavior of the bars themselves is described by a
relation between the longitudinal strain in the bars,
e¼ [grad (xbar.t). t ], and the normal force in the bars, N.
In the case of linear elasticity, this relation is expressed as
follows:
e¼ N=EA ð2Þ
where E denotes Young’s modulus of the bars and A
represents the area of the cross-section.
It should be noted that only tensile (or compressive)
forces in the inclusions are taken into account by the
model; it follows that only the component of the bar
displacement along the direction, xbar.t, is involved in Eqs.
(1) and (2). The components of xbar in the transverse
directions would be necessary to describe the ﬂexural
effects, which need not be taken into account in the
applications for which the model is intended.
2.2. Introduction of the model in a finite element code
The approach consists of the introduction of friction bar
elements that take into account both the stiffness of the
bars and that of the interaction. In other words, the
friction elements are associated with the linear density of
the elastic energy given by
w ¼ 1
2
EAe2þ1
2
cId2
This energy depends on the displacement of the bar
nodes along the bar direction, t, but not on the displace-
ment of the bar nodes along the transversal direction(s).
It follows that the number of degrees of freedom
required at each node of the friction bar elements isequal to three in a plane strain analysis and four in a
three-dimensional analysis. In what follows, the extra
degree of freedom is taken to be equal to the relative
displacement of the ground with respect to the bar d.
Note that it is also possible to deﬁne the extra degree
of freedom as the displacement of the bars along the
direction of t.
Due to the additive decomposition of the elastic energy,
it is not necessary to exhibit the elementary stiffness matrix
of the friction bar elements. Instead, the elementary
stiffness matrix, Kbar, of the bars themselves is obtained
using the standard computation procedures already avail-
able in the code for the usual (2- or 3-node) bar elements,
and the elementary stiffness matrix, Kint, of the interaction
force is computed in a very simple way given that the
contribution of the interaction to the elastic energy reduces
to cI d2/2. The same shape functions are used for the extra
degree of freedom for the ground displacement compo-
nents. Finally, the terms for both stiffness matrices, Kbar
and Kint, are combined in an elementary stiffness matrix
that combines both contributions to the elastic energy
taking into account the relation connecting the additional
degree of freedom, d, and the displacements of the ground
and of the bars (Eq. (1)).
2.3. Plastic strain in the bar
It should be noted that all the features of the standard
bar elements are transferred to the friction bar elements;
the non-linear constitutive laws available for the usual bar
elements can be used with the friction bars. Indeed, the
procedures used to deal with the non-linearities of the
standard bar elements give, at every step of the iterative
procedure, nodal forces associated with the increments in
plastic strain. For friction bars, these nodal forces are
redistributed on the degrees of freedom of the friction bar
elements.
2.4. Plastic slip between the bar and the ground
The existing procedures for the code of standard bar
elements have to be supplemented by an appropriate
numerical treatment related to the plastic slip, dp, that
can occur between the bars and the ground when the
interaction force, I, reaches Imax. This adds up to comput-
ing the nodal forces applied on the extra degree of freedom
of the friction bars.
3. Application to a full-scale experimental wall
To validate the friction bar model and the implementa-
tion of the ﬁnite element, ﬁnite element analyses of an
experimental reinforced earth wall subjected to a vertical
load have been performed. Only a very short presentation
of the experiment is presented here, but details on the
construction and the monitoring of the experimental wall
can be found in Soyez and Le Kouby (2009), Soyez and
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Fig. 3. Grading curve of the material used for the embankment.
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(2011). To assess the performance of reinforced earth walls
under the loads induced by train trafﬁc, SNCF (the French
National Railway Company), Re´seau Ferre´ de France
(owner of the French railway infrastructure) and IFST-
TAR (French institute of science and technology for
transport, development and networks) carried out a
research program over the period 2006–2009. This pro-
gram included a full-scale test of the behavior of a
reinforced earth structure subjected to a vertical local
load. A full-scale model of a railway embankment was
built at the Large Scale Road Test Division (CER) of
Rouen, France, in an excavation limited by two parallel
vertical concrete walls separated by a distance of 8 m. The
embankment was built on a rigid subgrade layer and
ﬁlled the entire space between the concrete walls. It was
16.5 m wide and 4.125 m high (Fig. 2). The railway
embankment was composed of two structures, namely, a
reinforced earth structure with steel strips and a classical
embankment.
The wall facing was comprised of cross-shaped precast
concrete panels, each measuring 1.5 m 1.5 m. Each
structure was overlaid by an untreated gravel sublayer, a
ballast layer and one sleeper. The sleepers were 2.4 m long,
0.3 m wide and 0.27 m high, and they were placed
perpendicular to the facing in the center of the interval
between the concrete walls.
The sublayer was made of an untreated gravel material
(0/31.5 mm) extracted from the quarry of Vignats (near
Argentan, France). This material complies with the speci-
ﬁcations of the high-speed tracks (SNCF, 1999). The
ballast was a crushed and washed 31.5/50 mm material,
extracted from the same quarry, and complying with the
same technical speciﬁcations (SNCF, 1999). For the ballast
and the sublayer, no speciﬁc characterization was per-
formed, and the simulations were based on parameters
taken from literature reports by the Norwegian Geotech-
nical Institute (NGI, 2005) and SNCF (2005).
The embankment material was clayey gravel extracted
from a quarry located at Criqueboeuf (near Rouen,
France) and sifted with a 40-mm sieve. The grading curve
of the original material (before elimination of the largest-
sized gravel grains) is shown in Fig. 3; the grain size isSubgrad
0.14 m
 3 m
gravel 
facing 
height 
3.75 m
 3.5 m
Reinforced  
structure
Class
emba
Load
Fig. 2. Geometry of the expecharacterized by d50¼0.28 mm and a uniformity coefﬁcient
cu¼d60/d10 equal to 4.86. A series of laboratory tests had
been conducted previously on the same material, described
in Reiffsteck et al. (2007); it was subjected to simple shear
box tests and triaxial tests (including tests with a special
triaxial apparatus for samples with diameters of 150 and
300 mm). Pressuremeter tests were also performed on the
embankment after the construction of the reinforced earth
wall. All the available data were used as a basis for the
choice of the soil parameters in the following simulations
(Soyez, 2009), which are given in Table 1.
Four reinforcement steel strips were connected to each
panel. The strips were standard HA 45 ribbed strips made
of galvanized steel. Fig. 4 shows a schematic of the strip
geometry (ribs on each face of the strips are 3 mm high).
The strips were 3.5 m long, 45 mm wide and 5 mm thick.
The levels of reinforcement strips were numbered from 1
to 5 from the top to the base (Fig. 5). The dimensions of
the structure are summarized in Fig. 2. The embankment
was built in 10 layers, each of the ﬁrst 9 layers was 37.5 cm
thick; the thickness of the tenth layer was 15 cm. A 30-cm
sublayer and a 30-cm ballast layer were added on top of
the embankment before the sleepers were installed.
The experiment consisted of applying various vertical
loads on the sleepers in static or dynamic conditions. In
this paper, the discussion is focused on the response of the
wall to a static load of 90 kN applied to the sleeper
positioned above the reinforced earth structure. The value0.3 m
0.3 m
e layer
16.5 m
3.525 m
Ballast
3 m 
sublayer
3 : 2
ical 
nkment
rimental wall: side view.
Table 1
Material properties.
g (kN/m3) E (MPa) n (–) c (kPa) f (deg.)
Ballast 17 150 0.2 – –
Sublayer 23 90 0.3 10 36
Backﬁll material 21 150 0.45 10 36
Concrete 25 2.5 104 0.2 – –
Reinforcement strips – 2.1 105 – – –
Ground/facing contact 20 0.1 0.499 – –
75 mm         48 mm            112 mm 
45 mm  
5 mm 
Fig. 4. Schematic of the geometry of the reinforcing strips.
0.75 m 
0.75 m 
Load 
Level 1 
Level 2 
Level 3 
Level 4 
Level 5 
A14
A26
A34
A29
0.6 m   0.9 m 
Fig. 5. Front view of the wall facing and positions of the reinforcing
strips (square symbols). Numbers A14, A26, A29 and A34 indicate the
strips subjected to pull-out tests.
                  z 
        y            x 
                 y = 4 m  
(contact embankment / 
vertical concrete walls) : 
uy = 0 
plane of 
symmetry : 
y = 0 m ; uy = 0 
contact with the 
underlying subgrade 
layer : ux = uy = uz = 0 
Fig. 6. View of the mesh.
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standard train axle.
The vertical displacements of the interface between the
backﬁll material and the gravel sublayer, as well as the
horizontal displacements of the concrete panels, were
measured. Additionally, strain gauges glued on some of
the reinforcement strips of layers 1–4 were used to obtain
the values of the tensile forces at several points on the
strips.
At the end of the wall construction, the maximum tensile
force measured in the steel strips was 7 kN and was
obtained for the third layer of strips at mid-height on the
wall. The additional 90 kN load to the sleeper closest to
the wall induced increments of tensile forces in the strips
that did not exceed 100 N in any strip level. The horizontal
displacements of the wall were close to 0.015 mm, and the
vertical displacement of the reinforced earth structure–
sublayer interface reached 0.1 mm.
The wall was subjected to a series of loadings, including
the static load of 90 kN and cyclic loads aimed at
reproducing the passing of trains at speeds ranging from
170 km/h to 300 km/h; the total number of cycles was in
the order of 7 106. After the loading program wascompleted, pull-out tests were carried out on strips located
either under the loaded sleeper or outside the zone directly
subjected to the load (the position of the corresponding
strips is indicated in Fig. 5).
The aim of the simulations presented hereafter is to
reproduce, as closely as possible, the measurements made
during the static loading of the wall (the tensile forces in
the strips at the end of the wall construction, the incre-
ments of the tensile forces, and the vertical and horizontal
displacements induced by the 90 kN load) and the results
of the pull-out tests.
4. Simulations with the friction bar elements
4.1. Mesh, loads and boundary conditions
Given the symmetry of the problem, the mesh repre-
sented one-half of the real wall (Fig. 6). The ground, the
facing, the gravel sublayer, the ballast and the sleepers
were represented by a total of 12,800 quadratic elements
(20-node parallelepipeds and 15-node triangular prisms).
The mesh also included 25 reinforcement strips that were
located on a 5 5 grid deﬁned by yA{0.5; 1.5; 2; 3; 3.5};
zA{0.375; 1.125; 1.875; 2.625; 3.375}. Each strip is 3.5 m
long in the x-direction and is discretized in eight 3-node
friction bar elements. The total number of nodes in the
mesh was close to 50,000.
Following Bourgeois et al. (2011), a smooth contact was
considered for the interface between the reinforced soil and
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Fig. 7. Comparison of the computed and measured values of the tensile
forces in the strips at the end of construction.
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Fig. 8. Comparison of the computed and measured values of the
increments in tensile forces induced by the 90 kN load.
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(5 mm) quadrangular elements was introduced between the
facing and the reinforced backﬁll with elastic properties
corresponding to an incompressible material (n¼0.499)
with a low value of shear modulus (0.1 MPa). As shown in
Fig. 6, the boundary conditions consisted of setting all
components of the displacement on the bottom of the
mesh to zero and setting to zero the normal displacement
on the two parallel vertical faces y¼0 and y¼þ 4 m.
The computations consisted of a sequence of 12 steps;
the ﬁrst 10 steps correspond to the simulation of the
construction of the 10 layers of the embankment and were
followed by the construction of the remaining layers and
the installation of the sleepers (Step 11). After the end of
construction, the displacements were set to 0, and the ﬁnal
Step 12 consisted of simulating the application of the
90 kN load at the sleeper closest to the wall. The simula-
tion of both the construction and the static load took
roughly 35 min on a Sun Ultra 40 M2 workstation,
shipping a 2.8-GHz AMD Opteron processor and running
under Linux Ubuntu (64 bit).
4.2. Material models and parameters
In the simulations, the mechanical behavior of the
sublayer and of the embankment material was described
by the usual Mohr–Coulomb model, with the parameters
given in Table 1. The value of the dilation angle c was
chosen as c¼j301 (on a conventional basis). Parametric
studies were performed to discuss the inﬂuence of this
parameter. They showed that its value had only a limited
inﬂuence on the numerical results, because most of the
embankment remains in the elastic (or quasi elastic)
regime, as was pointed out in Bourgeois et al. (2011), so
that the behavior of the wall as a whole is controlled by the
soil–strip interaction.
To choose the values of the parameters speciﬁcally
introduced for the friction bar elements, namely, the
interaction coefﬁcient, cI, and the maximum value of the
interaction force, Imax, the following procedure was
adopted.
The pull-out tests (described hereafter in Section 5) gave
maximum values for the traction forces, Tmax, that were
equal to 40–50 kN. A reference value of 12 kN/m (¼42/
3.5) was adopted for Imax.
For the interaction coefﬁcient, cI, a parametric study
was undertaken. For low values of cI, the tensile forces at
the end of construction were far below the measured
values. If the value of cI was increased, the tensile forces
increased until they remained almost insensitive to any
further increase. This led to cI increasing up to 50 MN/m2.
4.3. Comparison with experimental results
For cI¼50 MN/m2 and Imax¼12 kN/m, the maximum
tensile forces along strips of Level 2, at the end of
construction, were close to the measured value; for stripsof Level 3, the simulations underestimated the maximum
tensile force by approximately 40% (Fig. 7); the maximum
tensile force increments induced by the 90 kN load were
close to 400 N, and thus, were more than four times larger
than the maximum measured values (Fig. 8).
In order to improve the prediction of the tensile force
increments, a new simulation was performed with cI¼50
MN/m2 and Imax¼2 kN/m. The following results were
obtained:– the maximum vertical displacement at the interface between
the backﬁll material and the subgrade layer, under a load
of 90 kN, was equal to 0.19 mm, to be compared with the
measured value of 0.1 mm. The maximum horizontal
displacement of the wall was equal to 0.057 mm, whereas
the measurements gave a value of 0.015 mm. Given the
accuracy of the transducers used, it was concluded that
only the order of magnitude was signiﬁcant (Soyez, 2009);
previous simulations (Bourgeois et al., 2011) had yielded
values between 0.038 and 0.065 mm.– the maximum tensile forces along the strips of Levels 2
and 3 at the end of construction were close to those
obtained for Imax¼12 kN/m, but a little smaller (Fig. 7).– the maximum value of the tensile force increments in the
E. Bourgeois et al. / Soils and Foundations 52 (2012) 550–561556strips of Levels 2 and 3 were very close to the measured
values, and in much better agreement than the values
obtained for Imax¼12 kN/m (Fig. 8).
On the whole, the relative error on the maximum values
of the tensile forces and the tensile forces increases is about
40%, which was found to be acceptable, given the com-
plexity of the problem and the uncertainties regarding the
construction process (such as the compaction of the
embankment material), and the inﬂuence of the wires of
the monitoring devices.
Simulations with Imax¼12 kN/m did not make it possi-
ble to predict the order of magnitude of the maximum
tensile force increments induced by the load. A better
agreement was obtained with Imax¼2 kN/m. However, this
value is not consistent with the results of the pull-out tests;
this question will be discussed in more detail in Section 5.
The difference between the results obtained for both values
of Imax suggest that the plastic slippage between the strips
and the soil has a limited inﬂuence on the tensile forces at
the end of construction, but that signiﬁcant non-linear
phenomena take place at the interface when the load is
applied.4.4. Comparison with a simulation using the multiphase
approach
The reinforced wall included 50 identical reinforcement
strips periodically distributed throughout the backﬁll
material. For such a large number of inclusions, it seemed
reasonable to take into account the role of the strips by
means of a homogenization procedure. In order to validate
the friction bar elements, simulations were carried out
using the generalized homogenization procedure called the
‘‘multiphase model’’ (see, for instance, Bennis and de
Buhan, 2003; De Buhan and Sudret, 1999, 2000), which
was introduced in several ﬁnite element codes, and used for
the analysis of various geotechnical structures, such as
reinforced earth walls (Rospars et al., 2004; Bourgeois
et al., 2011; Chau et al., 2011), piled embankments (Hassen
et al., 2009), piled raft foundations (Hassen et al., 2010) or
bolt-reinforced tunnel walls (De Buhan et al., 2008). In this
approach, the ground mass reinforced by linear inclusions
is modeled by the superposition of two continuous media
in a mutual mechanical interaction; the ﬁrst medium,
called the ‘‘matrix phase’’, represents the ground, whereas
the ‘‘reinforcement phase’’ is the macroscopic counterpart
of the strip network. On the macroscopic scale, two
distinct displacement ﬁelds, denoted by xm and xr, are
attached to the matrix phase and the reinforcement phase,
respectively. The matrix phase is associated with a Cauchy
stress tensor, sm, and the reinforcement phase is related
to a (scalar) density of axial force in the strips, per unit
area transverse to the direction of the strips, denoted by sr.
The equilibrium equations are expressed for each phaseseparately as
div smþFt ¼ 0 for the matrix phase and
ðgrad srÞ:tF ¼ 0 for the reinforcement phase
where t is the unit vector in the direction of the strips and
F t denotes the volume density of the interaction forces
exerted by the reinforcement phase on the matrix phase.
For the analysis of the reinforced earth wall in Rouen,
the behavior of the matrix phase was described with the
usual Mohr–Coulomb model, while the reinforcement
phase was described by the linear elastic relation
sr¼E(NA/S) er, where er denotes the horizontal strain
of the reinforcement, N is the number of strips, A is the
area of the cross-section of each strip, E is Young’s
modulus of the material of which they are made and S is
the area of the wall facing.
The interaction between the matrix and the reinforce-
ment phases is described by a one-dimensional linear
elastic-perfectly plastic constitutive law
F ¼ KI ðDDpÞ with
_D
p ¼ 0 if 9F9oFmax
_D
p
Z0 if F ¼ þFmax and _F ¼ 0 ; _Dpr0 if F ¼Fmax and _F ¼ 0
(
where D (resp. Dp) denotes the total (resp. plastic) relative
displacement of the matrix and the reinforcement (i.e.,
D¼ (xmxr). t), KI is a scalar coefﬁcient describing the
stiffness of the interaction, and Fmax is the threshold value
of the interaction force density F for which an irreversible
relative displacement between the matrix and the reinfor-
cement phases occurs (note that Fmax is the volume density
of force, expressed in N/m3 or Pa/m).
This approach has been used in Bourgeois et al. (2011)
for the experimental wall presented above, using a coarser
mesh than the one adopted here. For comparison pur-
poses, new simulations were carried out with the multi-
phase model, using the same discretization as in the
simulations with the friction bar elements (that were
deactivated).
The parameters of the multiphase model were deduced
from those taken into account for the simulation with the
friction bar elements. Each facing panel has a surface
S¼2.25 m2 and is connected to N¼4 strips. For cI¼
50 MN/m2 and Imax¼2 kN/m, one obtains
KI ¼ ðN=SÞcI ¼ 88:8 MN=m4
Fmax ¼ ðN=SÞImax ¼ 3:57 kN=m3
The simulations gave a vertical displacement of the
backﬁll–sublayer interface equal to 0.18 mm and a hor-
izontal displacement of the facing equal to 0.058 mm. The
tensile forces at the end of construction and the increments
of the tensile forces induced by the 90 kN load are shown
in Figs. 9 and 10. The ﬁgures show a strong consistency
between the results obtained with the friction bar elements
and those obtained with the multiphase model, in spite of
the differences in theoretical approaches.
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Fig. 9. Comparison of the results obtained with the friction bar elements
and the multiphase model: tensile forces in the strips at the end of
construction.
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Fig. 10. Comparison of the results obtained with the friction bar elements
and the multiphase model: increments in the tensile forces induced by the
90 kN load.
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Fig. 11. Results of the pull-out tests: traction force vs. displacement of the
strip head.
E. Bourgeois et al. / Soils and Foundations 52 (2012) 550–561 557It can be pointed out that, in the simulations with the
friction bar elements, the strips are taken into account by
means of linear elements placed at the exact positions of the
actual strips in the wall, whereas in the multiphase approach,
the strips are replaced by a continuum, and therefore, are
‘‘diluted’’ homogeneously throughout the entire reinforced
zone. Given that the distance between two successive strips
along the horizontal direction is not constant (see Fig. 5), this
difference may explain the discrepancy between the numerical
results given by both approaches.5. Discussion: results of the pull-out tests
5.1. Integration of the results of the pull-out tests in the
model calibration
Pull-out tests were carried out after the end of the
loading program. The strips selected for the pull-out tests
were located either under the loaded sleeper or outside the
zone directly subjected to the load (Fig. 5). The results
obtained were similar regardless of the position of the
extracted strip. Typical results obtained for the strips of
Layers 2, 3 and 4 are shown in Fig. 11.It can be seen that the maximum extraction force is in the
order of 40–50 kN. This is not consistent with the value of the
maximum interaction force adopted in the simulations pre-
sented above, namely, for Imax¼2 kN/m, the maximum
traction force mobilized over a length of 3.5 m is equal to
7 kN, which is signiﬁcantly less than the measured value. As
mentioned before, simulations of the wall behavior that used a
value of Imax¼12 kN/m gave acceptable values for tensile
forces at the end of the wall construction (around 5 kN), but
maximum tensile force increments close to 400 N that were
much larger than the measured values (less than 100 N). In
other words, it was not possible to obtain satisfactory results
for both the simulations of the pull-out tests and of the
experimental wall with the same set of parameters, which is a
serious shortcoming of the model, since it is not possible to
derive the parameters to be used in the simulation of the entire
wall from the results of pull-out tests. This leads to the
conclusion that more advanced interaction models are neces-
sary to analyze the response of mechanically stabilized walls.
5.2. Discussion of the ground–bar interaction law
The aim of this section is to propose an interaction
model making it possible to overcome the limitations of
the linear elastic-perfectly plastic model, i.e., to obtain
reasonable results for the simulation of the wall response
with a set of parameters that is consistent with the results
of pull-out tests.
A three-dimensional mesh was generated to perform
simulations of the pull-out tests. It is composed of 21,000
nodes and 4500 quadratic elements (Fig. 12). The strip was
represented by 20 friction bar elements; its head is located
at Point A in Fig. 12. The dimensions of the mesh
corresponded to a square section of 0.75 m 0.75 m,
representing approximately the total area of the wall facing
divided by the number of strips.
During the actual tests, a hole was drilled through the
facing panels to reach the strip end and a speciﬁc device
was used to apply a traction force. In the simulations, the
boundary conditions consisted of setting the normal dis-
placement on all boundaries to zero, namely, ux¼0 on x¼0
0.75 m 
3.5 m 
10 m 
A
x y
z
Fig. 12. Mesh used for simulations of pull-out tests.
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Fig. 13. Ground–bar interaction model: original and modiﬁed formula-
tion of the square root model.
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Fig. 14. Ground–bar interaction models (parameters of the bilinear
elastic perfectly plastic models have been chosen in such a way that
I¼Imax for d¼dref).
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z¼70.375 m. A traction force was applied on the extra
degree of freedom of the friction bar element at Point A.
To ensure that the extent of the mesh had a limited
inﬂuence on the simulation of the pull-out tests, another
mesh, corresponding to a section of 1.5 m 1.5 m, was
generated and used to perform similar simulations. The
results obtained with both meshes were almost identical.
First, simulations of the pull-out tests were carried out
with the elastic linear-perfectly plastic model presented above
using the same parameters for the ground as those used in the
previous simulations. For Imax¼2 kN/m, the maximum
traction force was equal to 7 kN. For Imax¼12 kN/m (all
other parameters remaining unchanged), the maximum force
was equal to 42 kN, and therefore, consistent with the results
of the pull-out tests, but the model failed to account for the
shape of the force–displacement curve (Fig. 15); the initial
stiffness was clearly overestimated. Additionally, the tensile
force increments induced by the 90-kN load became much
larger than the measured values, as was pointed out in
Section 4.3. This shows that the linear-elastic perfectly plastic
model does not satisfactorily describe the interaction between
the ground and the reinforcement strips.
The formulation of more complex models has been
discussed recently by Abdelouhab et al. (2010), who
proposed the following model:
I ¼ ImaxMin ½ðd=dref Þ1=2; 1 ð3Þ
in which the elastic part of the interaction law is nonlinear
because the interaction force, I, is proportional to the
square root of the relative displacement, d. Comparisons
with experimental pull-out tests suggest that this model
provides a much better representation of the progressive
yield of the interface along the strip. This formulation was
introduced in the ﬁnite element CESAR-LCPC code for
the friction bar elements with a slight modiﬁcation. In
order to limit the initial value of the slope of the Id curve
(which is inﬁnite for d¼0 if Eq. (3) is used), the following
expression was adopted (see Fig. 13):
I ¼Min½cI d; Imaxðd=dref Þ1=2; Imax ð4Þ
In what follows, the corresponding interaction model is
referred to as the ‘‘square root model’’, but it should bekept in mind that it is a nonlinear elastic-perfectly
plastic model.
As an alternative, a bilinear elastic-perfectly plastic
model was also introduced in the code, that was deﬁned by
I ¼Min½c1d; Ithrþc2dIthrðc2=c1Þ; Imax
where c1 and c2 are two values of the tangent interaction
coefﬁcient and Ithr is a threshold value of the interaction
force for which the slope of the Id curve changes from c1
to c2 (Fig. 14).
The modiﬁed square root model and the bilinear elastic-
perfectly plastic model have been introduced in the ﬁnite
element code for the friction bar elements, and the results
obtained for both the experimental wall and the pull-out
tests are discussed in the following section.
5.3. Simulation with the square root and the bilinear elastic-
perfectly plastic interaction models
Fig. 15 shows the results of the simulations of the pull-
out tests with the different interaction models for the
following parameters:– linear elastic-perfectly plastic model
cI ¼ 50 MN=m2; Imax ¼ 2 kN=m
– modiﬁed square root model
cI ¼ 50 MN=m2; dref ¼ 8 mm and Imax ¼ 12 kN=m
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Fig. 15. Simulations of the pull-out tests.
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Fig. 16. Tensile forces in strips of Level 2 at the end of construction:
comparison of the interaction models.
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Fig. 17. Tensile forces in strips of Level 3 at the end of construction:
comparison of the interaction models.
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Fig. 18. Tensile force increments in strips of Level 2: comparison of the
interaction models.
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Fig. 19. Tensile force increments in strips of Level 3: comparison of the
interaction models.maximum interaction, Imax, was increased to a value
consistent with the maximum traction force, because the
elastic part of the curve was too steep. The bilinear elastic
model led to a curve that was comprised of three parts,
namely, a very stiff initial slope, a secondary quasi-linear
part (for values of the traction forces between 6 and
42 kN) and the ﬁnal plateau, which makes it possible to
combine a large initial stiffness and a mean stiffness that is
consistent with the pull-out experiments. The square root
model led to a curvature that was similar to that given by
the experiments.
Figs. 16–19 show the tensile forces and the tensile force
increments obtained with the three interaction models
(for strips of Levels 2 and 3). Note that, the label ‘linear’
in the legend refers to the initial linear elastic-perfectly
plastic model.
For the tensile forces at the end of the construction, and
for both Levels 2 and 3 (Figs. 16 and 17), the bilinear
elastic model gave results very close to those obtained withthe linear elastic model with Imax=2 kN/m, whereas the
square root model gave lower values than the other models
(the difference being approximately 15–20%).
For the tensile force increments induced by the 90-kN
load (Figs. 18 and 19), the linear elastic model with
Imax=2 kN/m gave smaller values than the other two
models, while the square root model gave the largest
values. The agreement between simulations and experi-
ments is better for the linear elastic and the bilinear elastic-
perfectly plastic models, the relative error on the maximum
E. Bourgeois et al. / Soils and Foundations 52 (2012) 550–561560tensile force in strips of Levels 2 and 3 being roughly
730%. The discrepancy between the results given by the
three models was larger for the strips of Level 3.
These results show that it is possible to obtain satisfac-
tory results for both the simulations of the experimental
wall and the pull-out tests with the same set of parameters,
provided that the appropriate models are used, such as the
bilinear elastic-perfectly plastic model. The results
obtained with the square root model compare less favor-
ably with the experiments.6. Conclusions
A special type of ﬁnite element was introduced in the
CESAR-LCPC ﬁnite element code to model geotechnical
structures reinforced by linear elements. It was used to
perform three-dimensional simulations of the behavior of a
full-scale, experimental reinforced earth wall. Three elastic-
perfectly plastic models have been discussed for the soil–
inclusion interaction, in which the elastic part of the
interaction law is described by a linear relation, a bilinear
relation or a so-called ‘‘square root model’’. For the
simulation of the experimental wall, all three models, with
appropriate parameters, gave acceptable results; the linear
model (with Imax=2 kN/m) and the bilinear model gave
very close results, better than those obtained with the
square root model. In addition, the bilinear elastic and the
square root models made it possible to obtain an accep-
table agreement with both the measures on the wall and
the results of pull-out tests with the same parameters. It
should be noted, however, that the determination of the
interaction model parameters on the basis of standard pull-
out extraction tests is difﬁcult, because such tests provide
information on friction forces integrated over the inclusion
length.
There was a strong concordance between the friction bar
element approach and the multiphase model, in the case of
the wall built in Rouen, for the simple linear elastic-
perfectly plastic model. The encouraging results obtained
by associating the bar elements and the advanced interac-
tion models provided a strong motivation for introducing
such advanced interaction models in the numerical imple-
mentation of the multiphase approach.
Actual reinforced earth walls are often much longer and
higher than this experimental structure, leading to much
larger numbers of strips. In this context, the multiphase
approach can signiﬁcantly reduce the number of nodes,
because there is no need to introduce the actual position of
the strips in the mesh (previous simulations of the experi-
mental wall in Rouen, presented in Bourgeois et al. (2011)
were carried out with a number of nodes roughly two times
smaller than in the simulations presented above). On the
contrary, the friction bar elements can be useful for
situations in which the number of inclusions is small, for
example, in the case of a retaining wall pinned with one or
two rows of anchors.The approach proposed here could be extended to
account for more complex constitutive models for the bars
themselves (brittle failure, bilinear behavior, etc.), and
further improvements of the interaction model can be
imagined. Additionally, for the analysis of the long-term
behavior of reinforced structures, models accounting for
the aging of the interface between the bars and the ground
or the corrosion of the bars themselves could be
introduced.References
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